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Chaotic synchronization for a pair of electrochemical oscillators is studied experimentally. The underlying
bidirectional coupling between the two oscillators is achieved by immersing the two anodes in a common
electrolytic solution. The horizontal distance between these two electrodes determines the strength of the
coupling constant. On monotonically decreasing the distance between the two anodes, different domains of
chaotic synchronization, namely, no, phase, lag, and complete synchronization, are identified. Furthermore,
dynamics from the different transition intervals are also characterized.
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The importance of synchronization lies in its omnipresent
nature and its relevance to numerous physical �1–3�, chemi-
cal �4�, physiological �5�, and ecological processes �6�. The
first reported endeavors involving synchronization are attrib-
uted to Huygens in the 17th century using pendulum clocks.
These experiments were designed to study the locking of
rhythms for swinging pendulums in the presence of weak
coupling. More recently, a small subset of the synchroniza-
tion phenomena in nonlinear systems, namely, chaotic syn-
chronization, has gathered notoriety in the scientific commu-
nity. Chaotic synchronization sounds a little contradictory on
the surface since the sensitive dependence to the initial con-
ditions, leading to divergence of the nearby trajectories �sig-
nature of chaotic dynamics�, seems instinctively incompat-
ible with the convergence effect, deemed indispensable for
the attainment of synchronization. Chaotic synchronization,
although studied earlier by Yamada and Fujisaka �7,8� and by
Afraimovich et al. �9�, was brought to the foreground by the
works of Pecora and Carroll �10,11�. Thereafter, this concept
of chaotic synchronization has evolved and has been ex-
tended to tackle more sophisticated problems both theoreti-
cally and experimentally �1–4,6,12�. Recent books �13–15�
and an excellent review article �16� document the advances
made and the current challenges that constitute the state of
the art in this multidisciplinary field.

Electrochemical oscillators have proved to be a fertile
playground for nonlinear dynamicists in general and chaoti-
cians in particular. Both regular and irregular �chaotic� oscil-
lations have been observed and analyzed in diverse electro-
chemical processes, including both anodic and cathodic
reactions under potentiostatic and galvanostatic conditions
�17,18�. A plethora of distinct dynamical behavior such as
spontaneous oscillations, period doubling, mixed mode dy-
namics, multistability, and existence of deterministic chaos
have been reported. It was realized, by the group of Hudson
and collaborators that coupled electrochemical oscillators
could serve as an excellent experimental paradigm to ex-
plore, identify, and characterize diverse synchronization phe-
nomena �19,20�. Using experiments with two or more elec-
trochemical oscillators, coupled through external resistors,
they have successfully studied the phenomenon of chaotic
synchronization. Moreover, they have also studied collective
behavior exhibited by a population of such oscillators �22�.

In this Rapid Communication, we report experimental re-
sults involving the synchronization of non-identical �param-
eter mismatch� chaotic oscillators subjected to a bidirectional

coupling. Transport of chemical species is the most natural
way that coupling emerges between these chaotic �electro-
chemical� oscillators. In contrast to previous works �19–21�,
the coupling strength in our experiments is a function of the
mutual distance between the two oscillators. Moreover, in
the present work, we systematically varied the coupling con-
stant. This enabled us to identify the different domains of
synchronization, including the experimental detection of lag
synchronization in a chemical system, for a pair of noniden-
tical oscillators. The main motivation for these experiments
was to verify the theoretical framework presented in the
seminal work of Rosenblum and co-workers �23�. The au-
thors in this paper, using numerical simulations, reported a
transition sequence starting from a no-synchronization state
and ending at a lag-synchronization state. Lag synchroniza-
tion �24� is defined as a synchronous regime for which the
states of the two oscillators are nearly identical but there
exists a constant time lag between the two dynamics. This
implies that in lag synchronization one finds correlated am-
plitudes and a constant phase shift. In our experiments, by
varying extremely carefully the horizontal distance between
the two anodes, we were able to identify each one of these
different synchronization regions. This included the detection
of the elusive lag-synchronization domain. These results pro-
vide experimental evidence for the entire transition sequence
involving conversions from a state of no synchronization
→phase synchronization→ lag synchronization→complete
synchronization.

A typical electrochemical cell consists of three electrodes,
namely, the anode, the cathode, and the reference, immersed
in an electrolytic solution. In the case of potentiostatic ex-
periments the potential �anodic voltage V� between the anode
and the reference electrode is maintained constant. This an-
odic voltage acts as the control or bifurcation parameter for
the system dynamics. Consequently, the current between the
anode and the cathode �anodic current I� is the system ob-
servable that normally changes its dynamical properties as
the control parameter �V� is varied. However, in order to
study synchronization of two chaotic oscillators, we modi-
fied the standard electrochemical cell by adding an extra an-
ode. The experiments were carried out potentiostatically with
anodes that were made of iron �Aldrich 99.98% purity� disks
with a diameter of 6.3 mm, shrouded by epoxy. This was
designed to ensure that the anodic reactions �dissolution�
were restricted to the surface of the anode exposed to the
electrolytic solution. The cathode was a 6.3 mm graphite bar
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and the reference was a saturated calomel electrode. The
electrolyte solution was a mixture of 1.0M sulfuric acid,
0.4M potassium sulfate, and 53.66 mM potassium chloride.
A volume of approximately 300 ml was maintained in the
cell. Figure 1�a� shows the four-electrode electrochemical
cell configured to study chaotic synchronization. The anodes
�iron disks� were immersed in the solution facing each other
�see Fig. 1�a�� such that the horizontal distance between
them determines the strength of their mutual �bidirectional�
coupling. A bipotentiostat �Pine Model AFRDE5� was used
to control the two anodic potentials �V1 ,V2� individually and
measure the two anodic currents �I1 , I2� simultaneously.

Before embarking upon the synchronization experiments,
appropriate chaotic dynamics needed to be located. This was
accomplished using the standard cyclic voltammogram tech-
nique. Different dynamical responses of the anodic current I
were observed as the scan parameter anodic voltage V was
varied between 0 and 1200 mV. Repeated scans revealed the
existence of suitable chaotic dynamics in the parameter do-
main between 730 and 850 mV. Figure 1�b� shows a typical
chaotic time series, used for synchronization experiments, of
the anodic current �I� observed in the electrochemical cell.
Figure 1�c� shows the reconstructed chaotic attractor and fi-
nally in Fig. 1�d� the corresponding return map with a char-
acteristic unimodal shape is presented.

Experiments were carried out to identify the different do-
mains of synchronization exhibited by a pair of nonidentical
chaotic oscillators subjected to bidirectional coupling. Apart
from the inevitable inherent differences between the two
electrodes �anodes�, a small parameter mismatch �different
anodic voltages� was intentionally introduced between the
two anodes. However, it was ensured that the chaotic nature
of the underlying attractors was preserved. This parameter

mismatch is considered indispensable for the observation of
the elusive bidirectional lag synchronization �23,25�, one of
the synchronization domains of interest. The observed syn-
chronization phenomena in our experiments were acutely
sensitive to the mutual coupling �relative distance� between
the two anodes. Therefore a compasslike device was em-
ployed to carefully vary, in small steps, the relative distance
between the two anodes.

For extremely weak coupling, corresponding to a large
horizontal separation between the two anodes, the two cha-
otic attractors oscillate independently. Figure 2�a� depicts the
chaotic evolution of the two anodic currents. The absence of
any interdependence between the two time series becomes
more evident if one generates the I2 vs I1 plot shown in Fig.
2�b�. The resultant attractor of Fig. 2�b� is structureless, in-
dicating that the coupled system is located in the domain of
no synchronization. As the mutual distance between the two
anodes is monotonically decreased, the coupled dynamics
exhibit phase synchronization. This phase-synchronization
effect, evident from the time series of Fig. 2�c�, is character-
ized by the absence of correlation in the amplitude domain
and the prevalence of synchrony in the frequency domain.
The corresponding attractor for the coupled system is shown
in Fig. 2�d�. It reveals a closed curve typical for phase-locked
dynamics.

Augmenting the coupling strength �decreasing the mutual
distance� further reveals the emergence of lag synchroniza-
tion in the system dynamics. This lag domain proved rather
evasive to find and extremely difficult to maintain since it
was highly sensitive to the experimental noise. A systematic
scan of the coupling constant and the parameter mismatch in
conjunction with an attentive analysis of the time series
�23,25� was required for the reliable detection of lag syn-
chronization. Figure 2�e� shows the time series of the anodic

FIG. 1. �a� The schematic of
the electrochemical cell config-
ured to study chaotic synchroniza-
tion. The two anodes were posi-
tioned facing each other so that
the horizontal distance between
them determines the coupling
strength. The cathode was placed,
equidistant to both the anodes, at a
distance of 1 cm out from the line
connecting the two anodes. �b�
The chaotic time series of anodic
current �I� observed for the anodic
voltage at 750 mV. �c� The recon-
structed chaotic attractor obtained
from the time series of �b� using
the delay technique. �d� The uni-
modal return map, calculated us-
ing successive minimas, from the
chaotic time series of �b�.
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currents exhibiting bidirectional lag synchronization. The
constant time lag �0 observed is an intrinsic property of the
bidirectionally coupled system and depends mainly on the
coupling strength and the parameter mismatch. The I2�t
+�0� vs I1�t� plot, presented in Fig. 2�f�, reveals that the
resultant attractor is sputtered �falls� along the identity line,
indicating the emergence of bidirectional lag synchroniza-
tion. This lag synchronization, when located, was robust in
our experiments and at times persisted for about 250 oscilla-
tions.

Finally, when the two anodes are placed in close proxim-
ity, the chaotic dynamics enter the domain of complete syn-
chronization. This is evident upon visual inspection of the
superimposed anodic current time series presented in Fig.
2�g�. Consequently, the I2�t� vs I1�t� curve falls along the line
of identity as shown in Fig. 2�h�.

To quantify the experimental observations involving the
different regimes of synchronization, a similarity function
�23,25� between the chaotic time series for the two coupled

oscillators was calculated. This similarity function computes
a time-averaged difference between the two anodic currents
�I1 , I2� taken with the time shift � and is defined as
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FIG. 2. Different synchronization phenomena recorded as the
coupling strength is increased �mutual distance was decreased�
monotonically. A small parameter mismatch was introduced inten-
tionally by choosing the two anodic voltages to be 750 and
755 mV, respectively. �a� Two superimposed chaotic time series of
the anodic currents �I1�t� , I2�t�� when the mutual distance between
the two anodes is 5 cm. �b� I2�t� vs I1�t� plot for the time series of
�a�. For this coupling strength the dynamics are located in the do-
main of no synchronization. �c� Two superimposed chaotic time
series of the anodic currents �I1�t� , I2�t�� when the mutual distance
between the two anodes is 3.5 cm. �d� I2�t� vs I1�t� plot for the time
series of �c�. For this coupling strength the dynamics are located in
the domain of phase synchronization. �e� Two superimposed chaotic
time series of the anodic currents �I1�t� , I2�t�� when the mutual dis-
tance between the two anodes is 2.4 cm. �f� I2�t+�0� vs I1�t� plot for
the time series of �e�. For this coupling strength the dynamics are
located in the domain of lag synchronization. �g� Two superimposed
chaotic time series of the anodic currents �I1�t� , I2�t�� when the
mutual distance between the two anodes is 1.35 cm. �h� I2�t� vs
I1�t� plot for the time series of �g�. For this coupling strength the
dynamics are located in the domain of complete synchronization.
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FIG. 3. Similarity functions �S���� calculated using the experi-
mental time series of anodic currents. The curves labeled a, b, c,
and d correspond to the domains of no, phase, lag, and complete
synchronization, respectively.
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FIG. 4. Dynamics from the transition intervals separating the
different domains of synchronization in the coupled system. �a�
Section of the superimposed time series for the two anodic currents
�I1�t� , I2�t�� showing the coexistence of phase- �between 0 and
2.7 s� and no-synchronization �between 2.7 and 5.8 s� domains. The
longer version of this time series �not shown� indicates that for this
coupling strength �mutual distance=4.4 cm�, the chaotic dynamics
of the two anodes exhibit intermittent phase synchronization. �b�
Time series indicates that for this coupling strength �mutual
distance=3.1 cm�, the chaotic dynamics of the two anodes exhibit
intermittent lag synchronization. �c� Time series indicates that for
this coupling strength �mutual distance=2.1 cm�, the chaotic dy-
namics of the two anodes exhibit intermittent amplitude
synchronization.
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S2��� =
��I2�t + �� − I1�t��2�

��I1
2�t���I2

2�t���1/2 . �1�

Figure 3 shows the similarity functions calculated using the
anodic current timeseries for different coupling strengths.
The curve labeled a corresponds to the experiment when the
two oscillators are placed far apart and consequently find
themselves in the regime of no synchronization. For this sce-
nario, the similarity function S��� almost does not depend on
� �23� �signals are independent� and has an average value of
��2.

Upon decreasing the distance between the anodes, phase
synchronization was observed as depicted by the curve la-
beled b. The minimum in this curve reveals the emergence of
some characteristic time shift between the two anodic cur-
rents. Further augmentation of the coupling strength led to
the emergence of lag synchronization as illustrated by the
similarity curve labeled c. S���→0 in this curve for an ap-
propriate lag time �. This � coincides with the lag time ob-
served ��0� in the corresponding time series of Fig. 2�e�.
Finally, the similarity function labeled d reveals a monotoni-
cally increasing curve �S����0 for �=0�, a behavior charac-
teristic of oscillators exhibiting complete synchronization.
The reason that S��� fails to reach zero for �=0 might be the
significant levels of internal noise prevalent in our electro-
chemical cell. This internal noise in conjunction with the
parameter mismatch and system drift preclude the attainment
of better amplitude synchronization.

Apart from identifying the distinct domains of synchroni-
zation, the dynamics in the transition intervals were also ana-

lyzed. First, the coupling strength was chosen such that the
coupled system is located between the domains of no and
phase synchronization. The time series in Fig. 4�a� shows
that the coupled dynamics for this mutual distance �4.4 cm�
exhibits a mixture of nonsynchronized and phase-
synchronized chaotic behavior. However, unfortunately, in
our experiments, the emergence of periodic phase synchro-
nization or scaling laws for the intermittent phase slips �26�
could not be verified. Second, the coupling strength was cho-
sen such that the system is located between the domains of
phase and lag synchronizations. The time series �I2�t+�0�
− I1�t�� vs t in Fig. 4�b� indicates that the coupled system
exhibits intermittent lag synchronization. Finally, the system
is placed between the domains of lag and complete synchro-
nization. Consequently, the observed dynamical behavior
corresponds to the intermittent amplitude synchronization as
shown in Fig. 4�c�. Our experimental results compare well
with the numerically computed bifurcation diagrams �23,27�
reported previously.

In conclusion, our results provide experimental evidence
of the entire conversion route between the domain of no
synchronization and the domain of complete synchronization
for a pair of coupled nonidentical chaotic oscillators. This
includes the detection of the evasive lag synchronization.
The fact that we were able to verify the existence of this
synchronization sequence despite the presence of intrinsic
noise and system drift gives credence to the belief that these
phenomena are generic in nature and therefore could be con-
ceived in other real systems.

The authors acknowledge financial support from
CONACyT.

�1� K. S. Thornburg, Jr., M. Möller, R. Roy, T. W. Carr, R. D. Li,
and T. Erneux, Phys. Rev. E 55, 3865 �1997�.

�2� P. Ashwin, J. R. Terry, K. S. Thornburg, Jr., and R. Roy, Phys.
Rev. E 58, 7186 �1998�.

�3� C. Masoller, H. L. D. de S. Cavalcante, and J. R. Rios Leite,
Phys. Rev. E 64, 037202 �2001�.

�4� I. Z. Kiss, V. Gaspard, and J. L. Hudson, J. Phys. Chem. B
104, 7554 �2000�.

�5� L. Glass, Nature �London� 410, 277 �2001�.
�6� M. A. Harrison, Y-Ch. Lai, and R. D. Holt, Phys. Rev. E 63,

051905 �2001�.
�7� T. Yamada and H. Fujisaka, Prog. Theor. Phys. 70, 1240

�1983�.
�8� T. Yamada and H. Fujisaka, Prog. Theor. Phys. 72, 885 �1984�.
�9� V. S. Afraimovich, N. N. Verichev, and M. I. Rabinovich, Izv.

Vyssh. Uchebn. Zaved., Radiofiz. 29, 795 �1986�.
�10� L. M. Pecora and T. L. Carroll, Phys. Rev. Lett. 64, 821

�1990�.
�11� L. M. Pecora and T. L. Carroll, Phys. Rev. A 44, 2374 �1991�.
�12� S. K. Han, C. Kurrer, and Y. Kuramoto, Phys. Rev. Lett. 75,

3190 �1995�.
�13� A. Pikovsky, M. Rosenblum, and J. Kurths, Synchronization: A

Universal Concept in Nonlinear Sciences �Cambridge Univer-
sity Press, Cambridge, 2001�.

�14� S. Strogatz, Sync: The Emerging Science of Spontaneous Or-
der �Hyperion, New York, 2003�.

�15� E. Mosekilde, Y. Maistrenko, and D. Postnov, Chaotic Syn-

chronization Applications to Living Systems �World Scientific,
Singapore, 2002�.

�16� S. Boccaletti, J. Kurths, G. Osipov, D. L. Valladares, and C. S.
Zhou, Phys. Rep. 366, 1 �2002�.

�17� H. D. Dewald, P. Parmananda, and R. W. Rollins, J. Electroa-
nal. Chem. Interfacial Electrochem. 306, 297 �1991�.

�18� H. D. Dewald, P. Parmananda, and R. W. Rollins, J. Electro-
chem. Soc. 140, 1969 �1993�.

�19� W. Wang, I. Z. Kiss, and J. L. Hudson, Chaos 10, 248 �2000�.
�20� W. Wang, I. Z. Kiss, and J. L. Hudson, Phys. Rev. Lett. 86,

4954 �2001�.
�21� M. G. Rosenblum, A. S. Pikovsky, J. Kurths, G. V. Osipov, I.

Z. Kiss, and J. L. Hudson, Phys. Rev. Lett. 89, 264102 �2002�.
�22� I. Z. Kiss, Y. M. Zhai, and J. L. Hudson, Science 296, 1676

�2002�.
�23� M. G. Rosenblum, A. S. Pikovsky, and J. Kurths, Phys. Rev.

Lett. 78, 4193 �1997�.
�24� S. Taherion and Ying-Cheng Lai, Phys. Rev. E 59, R6247

�1999�; Liqiang Zhu and Ying-Cheng Lai, ibid. 64, 045205
�2001�; B. F. Kuntsevich and A. N. Pisarchik, ibid. 64, 046221
�2001�.

�25� S. Boccaletti and D. L. Valladares, Phys. Rev. E 62, 7497
�2000�.

�26� S. Boccaletti, E. Allaria, R. Meucci, and F. T. Arecchi, Phys.
Rev. Lett. 89, 194101 �2002�.

�27� O. V. Sosnovtseva, A. G. Balanov, T. E. Vadivasova, V. V.
Astakhov, and E. Mosekilde, Phys. Rev. E 60, 6560 �1999�.

CRUZ, RIVERA, AND PARMANANDA PHYSICAL REVIEW E 75, 035201�R� �2007�

RAPID COMMUNICATIONS

035201-4


